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| Abstract 

New (infinitely many) rational approximants to ("(3) proving its irrationality are given. The recur- 
rence relations for the numerator and denominator of these approximants as well as their continued 
fraction expansions are obtained. A comparison of our approximants with Apery's approximants to 
C(3) is shown. 
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1 Introduction 

The transcendence of the values of Riemann's zeta function £(s) = YlnLi n ~ s , Res > 1, at even integers 
is a well-known fact. Indeed, 

where i?2fc € Q are the Bernoulli numbers. By Q we denote the set of rational numbers. However, few 
' partial results about the arithmetic properties of the numbers ((2k + 1), k = 1, 2, . . . , have been obtained 

[U [3l [T5l [TBI Q9> 20, 22 . Among these results we highlight below the pioneer contribution of R. Apery 
PP, who proved in 1978 the irrationality of £(3) (see [18] for complementary information). Apery's proof 
is based on the existence of the recurrence relation 



(n + l) 3 y n+1 - (2n + l)(17 ?l 2 + I7n + 5)y n + n 3 y n ^ = 0, n = 1, 2, . . . , (1.1) 

such that the two independent solutions, namely the sequence of integers (q n )n>o defined by the initial 
conditions qo = 1> <?i = 5, and the sequence of rationals [p n )n>o determined by the initial conditions 
Po = 0, pi = 6, form good rational approximants {p n /<ln)n>o to the number C(3). Indeed, this sequence 
can be expressed as the sequence of convergents of the irregular continued fraction 

S}_2L_M±_ r£\ 

| 5 | 117 | 535 | 34n 3 + 51n 2 + 27n + 5 K ' } 

Here, the convergence is so fast that reveals the irrationality of C(3), since the inclusions q n ^p n l\ € Z 
(the set of integers numbers), where l n denotes the least common multiple of {1, 2, . . . , n}, combined with 
the prime number theorem, l n = O (e^ 1+e ^™) for any e > 0, and Poincare's theorem jT2] H3] yield for the 
error-term sequence r n — q n ((3) ~ Pn, the estimation 

lim sup v^fW < e 3 (V2 - l) 4 < 1. 
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Moreover, for any constant p, > 1 + (log(\/2 + l) 4 + 3)/(log(i/2 + l) 4 - 3) « 13.417820 ... the inequality 
|C(3) — f>/?| < <7 _A1 has only a finite number of solutions in Z. Although, the best known irrationality 
measure for £(3) (/i w 5.513891 . . .) was given more than twenty years later [T4"] . 

After Apery's remarkable achievement some variants of his proof appeared. In particular, [4] and [17] 
consider triple integrals for the estimation of error-term sequence r n of Diophantine approximations to 
£(3), and in [8] were used the following complex countour integral 

1 /-1/2+ioo 2 

1n(, (3) - p n = ^-r / Rl,n\V ~ 1) 

27rl ^1/2-ioo VsmTrW 

for the same purpose, where 

fli, B M= , ( "l" , «£N. (1.3) 
(" + l)n+l 

By N we denote the set of all positive integers and (v) n = v(y + 1) • • • (v + n — 1), (^)o = 1, is the 
Pochhammer symbol. 

In [5] Apery's proof and all the aforementioned variants [H |H1 E] were put in the same context using 
a straightforward technique for calculation of Wronskian determinant for sequences (p n )n>o and (q n ) n >o 
based on orthogonal forms, which allow to deduce equation (jl.ip . Moreover, both type of integrals 
involved in the estimation of the error-term sequences are linked (see also [9]). 

Despite the time that has passed from Apery's discovery only few sequences of rational approximants 
different from Apery's one, which prove the irrationality of £(3) are known [51 ITUI IT4"] . 

In this paper we give in Section [2] new (infinitely many) rational approximants to £(3) leading to 
its irrationality. More precisely, we obtain a set of rational approximants classified in twelve types 
Pn /On (1 < i < 4, 1 < j < 3) depending on certain parameters, which allow to generate infinitely 
many approximants where the error-term sequence rn'^ — qn'^C (3) — Pn'^ is given by 

i /•1/2+ioo 9 

27T1 Ji/a-ioo 1 - B VsuittW 

and functions R^'^'(u) are modifications of (| 1 . 3|) . In Section [3] we link each of the above rational ap- 
proximants with a corresponding simultaneous rational approximation problem near infinity. As a result 

in Section|3]we compute the Wronskian determinant for sequences \Pn ) and (qn^i and from 

V / n>0 V / n>0 

it we deduce in a straightforward manner the corresponding recurrence relations for these approximants 
as well as their continued fraction expansions. Lastly, several comparisons between the aforementioned 
rational approximants and Apery's approximants are shown. 



2 Rational approximants to ( (3) 

Define the following sequences of rational functions 

(R^i\t)) , j = 1,2,3,4, j = 1,2,3, 

\ / n>0 

where 

RU\t) = Ri,n(t)0 {i ' j Ht), (2.1) 

and 

rfij) (A _ [frjft + n + p) + Sjjf + tin + 1) + Sajjvt - X n- j))] s ^ +1 

{) ~ (t-n+ 1) 2 " 5 m (i + „ + l)-«i.3 ' [Z - Z > 

with p G N \ {1}, ■& G Z\ {-1, 0, 1}, v,x G N (x > v ), tp G N U {0}. By we denotes the Kronecker 
delta function. 

The partial fraction expansion of (|2.1[) is given by 

n n-<5j, 3 

M^(*)= y : fc ;" : - y k - n ' K " 2 , (2.3) 
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with coefficients 



u k,n-S itS 



lim (t + k+lf R^i\t), k = 0,...,n-8 it3 , 
t->— (fc+i) 



("t") (:) °« j ><- k -^ 



(2.4) 



and 



Res R?'£(t), k = 0,...,n-6i, 3 , 

——k—1 ' 
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where 



H n+k _ x - 2H k + H n _ k _ 5i3 - p(«> (-fc - 1) 



^>(i) = ^log0<«>(t), 



(2.5) 



and denotes the Harmonic Number k of order r (Hj^' = H k and Hq = 0). Moreover, the foiiowing 
particular situation yield 



= I™ (t + n+l)R^\t) 

i^-(n+l) 

(-1)*" fin - l x 2 

n 2-5 2iJ ^ n _ I 



3 = 1,2,3, 



(2.6) 



where f7 31 = p — 1, (T 3 2 = i? — 1, (73,3 = u(n + 1) + x 77 + V 7 - Furthermore, from the above explicit 
expressions of coefficients (|2.4[) - (I2.6[) the following inclusions 



(2.7) 



hold. 



Denoting R^ (t) = ^R^ (t) one gets 



R { ii\t)=2R^{t) 



n-8 it3 +l 



k=0 k=l 

For the main result of this section we will need the following Lemmas. 
Lemma 2.1. The following relation is valid 



(2.8) 



E^n ) (*) = ?^' ) C(3)-pP, 71 = 0,1,..., 



t=0 



where 



1 



"•»') = 2 6 (JJ) 

fc=0 



n—8i 



k,n— 5«.3 J 



fc=i 

where l n denotes the least common multiple of {1,2, ... ,n}, and 

( W *j)4,3 

Proo/. Since = (i" 2 "" 5 *. 3 ) as t 00, we have 



fe=i 



(2.9) 



(2.10) 



Coefficients a^f and bf£_ s . are given in (K^-^MD- Moreover, n u ^q^ j) £ Z, and n^-Hlpt' j) € 



/l 1\ 

2 2 

1 1 

V 2 1 V 



= 0. 



(2.11) 



fe=0 



fe=0 
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Hence, denoting rn = J2tLo ^i'n (*) we S e t 



oo r>(i,j) 



Aw) - 




73 73 ) ^2 a k,n I /2 ;2 



n — 5i ; 



which coincides with (|2.9I) by considering the expressions given in (|2.10p . Finally, using the inclusions (|2.7I) 
and the fact that l s n £)f =1 £ G Z, fe = 0, 1, . . . , n, s G Z+, one gets n Ui <i q£' j) G Z and n Ui ^^i' j) G Z, 
which completes the proof. □ 



Lemma 2.2. TTie following relation for 



is valid 



-i /•- 1/2+ioo „ . o 00 

2m 7-1/2-ioo V sin 7r/y / 



(2.12) 



Proof. For the evaluation of the integral (|2.12p one expresses it as a limit of contour integrals along 
the contour Q n ,i,j that goes along the imaginary line from — 1/2 + i£n,i,j to —1/2 — i£n,i,j and then 
counterclockwise along a semicircle centered at —1/2 from — 1/2 + \L n .i,j to —1/2 — iL n .ij, where the 
semicircle radius L n ^j > n + 2. We have taken L n ,i,j to be greater than n + 2, so that ri + 1 singularities 
of the integrand function are enclosed within the curve. The rational function R^\t) = O (£~ ^ •) on 

the arc of ft n .i,j, while the function (sin-zTz) 1 is bounded. Now, by residue theorem one can compute 
(f2~T2"l) . Indeed, 

7T 



Res [R^(z) 

t—n * 



n = 0,1,2,..., 



vSm7TZ/ 

which can be easily checked by considering the following expansions at the integers 

+ aSn'V) (* - n) + ((z - n) 2 ) , 

1 



Vsm7rz/ 



(z — nY 



0(1). 



Therefore, 



holds. 



2ni 



-l/2+ioo 
1/2-ioo 



2 



t=0 



Theorem 2.3. There holds the following asymptotic formula 



,3/2-5, 



^(VS-l) 4 " (1 + 0(1)), (>>) 



4,3 



□ 



1 


1? 


l\ 


1 


■0 


1 


1 


m 




-1 


1 


1 


1 / 



Proof. From expression (|2.12[) one writes 

'■',;-■=— I Ri, n (v \;(——Y<r-- ! (v \ulu. (2.13) 

27H ./i/2-i«o Vsm7r/y/ 
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Now, taking into account the following estimations 



log 9^ (tn + t- 1) ~ < 



log 



\2-<5i, 



-6 iA log 



i = i, 



^ (* + i) a (*+fl w _^ hg(B + 1)t i = 2 , 



2-5* i 



log 



(i - 1) 



£ ii4 log(n + 1) , i = 3, 



it is a matter of straightforward computation to see that for z = (n + l)t 



log 



n+l 



(_!!_) (z - 1) = l og5 W> (i) +2 (n+ 1) /(i) 
Vsm7rz/ 

- (2 + <5 i>4 ) log (n + 1) + 2 log27r + O (n -1 ) , 



where 



2-« 4 .i-i 4l . 



9 (i ' j) (t) = < 



(t + i) 5i,s (t + 1?) 15 



(t - 1) 



2-5i, 



(t+l)°^ (yt-x) 



(t-1) 



2-5i i 



-5 (*) i J = 3, 



and 



/(*) 



l + t 



(l-i)i 2 ' 

(1 - t) log (1 - t) + 2tlogi - (1 + t) log (1 + 1) . 



Thus, expression (f2~T3"l) transfer ms into 

r£ J) = ^7 / 1/V ^ +100 (*) e 2( " +1)/(t) (l + O (n" 1 )) dt. 

71 ' «/l/\/2-ioo 

The point t = l/v2 is the unique maximum point for Re/(i) on the contour of integration. Therefore, 
by using Laplace's method we obtain 



„(iJ) 



(^=i)| (^-^^(i + o ( n -i)) 



2 l/4„l+<5,,4( n + 1)1/2 

which gives the required estimation. 

The above new rational approximants (12. 10)) prove the irrationality of £(3). 
Corollary 2.4. (Apery's Theorem) The real number £(3) is irrational. 
Proof. Suppose on the contrary that £ (3) = p/q, where p G Z, q G N, then 



□ 



qn 



is an integer different from zero. Therefore 



^l 3 n rt j) = n^Hlq^p - qn—l n p^\ 



\<qn^-Hl 



= o[i 



S(V2-l) 



4/) 



contradicting the above assumption for C(3), since for any e > and any sufficiently large n the estimation 
l n < e ( 1 + £ )" yields e 3 (a/2 - l) 4 < 1. □ 
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The above Diophantine approximations to the number £(3) lead to the same irrationality measure 
given by Apery's approximants (|1.2p (see Remark 14.31 below) . 

Next we will investigate other properties of the rational approximants obtained here. In particular, 
we will deduce the recurrence relation that they verify. Indeed, one can use the above functions (|2 . 1 [) and 
Zeilberger's algorithm of creative telescoping ll| to obtain that (|2.9|) verifies a second order recurrence 
relation (see [21] for the use of these techniques with Apery's sequence of Diophantine approximants). 
Although we will proceed in a different way. We start by showing a relationship with a simultaneous 
rational approximation problem to derive in a straightforward manner the Wronskian determinant for 

sequences (f4 ) and (qn'^j and from it the coefficients involved in the recurrence relation 

V / n>0 V / n>0 

satisfied by these sequences. 



3 Simultaneous rational approximation problem 

Here we will establish a connection of the aforementioned rational approximants with a simultaneous 
rational approximation problem near infinity. 
Define the following polynomials 

n n—Si,3 
k=0 k=0 

with coefficients given in (|2.4[1 and (j2.5[) , respectively. Observe that fr^n-i- 3 = (~ 1)> an d horn 

equation ([2~TTt one has A { n 0) (1) = 0. 

Thus, from equations (|2.3j) and (|2.8j) one gets 



4!f (*) = f F<M)( x )a*dx, izg>(t) = [ G^\x)x t dx, (Ret > -1), 
Jq Jo 



(3.2) 



where 

FM (x) = ylW) (i) + B^l 3 (x) log and (x) = ^ (a:) log x. 

Moreover, the expressions (|2.1j) and (|2.8|) represent the analytic continuation for the functions given in 
(EH). 

Considering the zeros of the rational functions (|2 . 3[) and (|2.8|) . which do not dependent on the pa- 
rameters (p, z?, v, x, an d VO involved in (|2.2[) . one has the orthogonality conditions 

l 

F^' j) (x) x k dx = 0, k = 0, . . . , n - 2 + 

(3.3) 

l 

G# J > (a;) x fc dx = 0, fc = 0, . . . , n - 2. 

If the coefficients of polynomials (|3.1[) . i.e. ajj.'^ (fc = 0, and b^'^ (k = 0, . . . , n — ^3) were 

unknown, then the zeros that depend on the parameters p, z9, u, Xj or V' provide an extra condition to 
the above underdetermined linear system of equations for these coefficients. 
As a consequence of the above orthogonality conditions (|3.3j) 



L 



p (x) — — ^-dx — p(z) f — ^-dx, 

Z X Jq Z X 

(3.4) 

, , G n ' J (x) , . f G n J (x) 

q (x) dx = q(z) / dx, 

Z — X Jq Z — X 

where p(z) and q(z) are arbitrary polynomials of degree at most n + S^i — 1 and n — 1, respectively. 
Denoting 

(l . 3) f 1 (x) m f 1 ggf (a) 



Z X f r\ Z X 
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equations (O imply that r^f(z) = O (V"-* 5 *- 1 ) and r^f{z) = O (z~ n ). 

Setting p{z) — q(z) — 1 in equations (|3.4p . by means of a suitable addition and substraction in the 
numerator of their right hand sides, one obtains 



= A^\z)h{z) + B%X 3 (z)fr (z) - C™(z), 
1 ^l d x = r^l^^log^ (3,) 



z — X 



A^\z)f 2 {z) + 2B^l(z)f 3 (z) - D^\z), 



where 



1 f 1 log 



fe-i 



fk(z) = 7I —r V J — dx, k= 1,2,3, (3.7) 

.... fi A<j< j) (z) + B^l (z) log x - F%' j) (x) 

Ct 3 Hz)= I — "L^ll LZ dXj (3. 8 ) 

Jo z ~ x 

f i (A^\z)+B^l^z)\ogx)\ogx-G^\x) 
DM{z)= ± '- dx. (3.9) 



o 



Accordingly, for the above system of functions (|3.7[) and polynomials (|3.1[) . (|3.8[) . and (|3.9[) we have 
a simultaneous rational approximation problem near infinity. Notice that the solution of this problem 
depends only on the coefficients of the polynomials An (z) and B n _ s , 3 (z), since the coefficients for 

(1 < j < n — 1 + 5i t x) in the Laurent series expansion of An (z)fi(z) + B^\. 3 {z)f2(z) and for z~i 

(1 < j < n — 1) in the series expansion of An (z)f2(z) + 2B n % _ s 3 {z)fs{z) vanish, while the coefficients 

for z J (0 < j < n) coincide with the corresponding coefficients of C n l, ^{z) and D n l, ^\z), respectively. 

4 Recurrence relation 

In what follows, without loss of generality, we restrict ourself to the particular case i = 1 and j — 2. The 
only reason for this restriction is that in general the expressions of coefficients (I4.5[) take significantly 
more area for displaying them. All cases can be dealt with the procedure described in the sequel. 
Setting z = 1 in the simultaneous rational approximation problem (|3.5[) - (I3.6[) and (|3.7[) - p.9[) yield 

r( 1 . 2 )(l) = 2^ 2 )(l)C(3)-^ 2 )(l), n>l, 

where 

K*<»L,- (*■*).>,• -P*L.. 

■ («»(»);, 

Now, we will obtain an explicit expression for the Wronskian determinant involving the above sequences, 
i.e. 

W (^V£' 2) ) = det r ^ } ) = -W . 

Lemma 4.1. The following relation 

2M 
n 3 (n + 1) 

where 



W(q n ,p n )= a/ ",^ 0, ra>l, (4.1) 



A/"„ = (24i? 2 n 3 + 30?? 2 n 2 + 16tf 2 n + 3i? 2 + 9i9n 2 + 5tfn 

+ tf - 12n 3 - 21n 2 - lira- 2), tfeN\{l}, 

holds. 
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Here for proving (|4.1[) we will follow the procedure indicated in [5J Lemma 3.2, pp. 7-8] 
Proof. Let us consider the integral 

^F^\x)F^{x) 



In = 2 



l-x 



-dx, n > 1. 



Using formulas (|3.4I) and the fact that An' (1) = 0, one gets 



J„ = 2S n 1 » 2 ) (1) 



1 <? (1)2) m , ^ 

G " +1 W cfe = gpM 1 ' 2 ) 



1-a: 



' n+l 



(4.2) 



On the other hand 



where 



Hence. 



r) _ fiC 1 ' 2 )^) — W _ Bn+l'( X ) 



In 



l-X 



W£n+1 W , _ (1,2) (1,2) _ 2 
^ _ ax — 1 n +l ' n -a 



l-x 



(1,2) p(l,2) f x 
1 n+l,n+l- n 'l,n VV 



(4.3) 



+ (4!„ 2) (n) + <„ 2) (n - 1)) + b^M 1 ,? (« - 1) 

Equating (|4.2I) and (14.31) one obtains 

W(«n,r„) = -2 [«„+ 2 i,n+l E & 2) ( n ) 



27V n 



n 3 (n + 1)' 



n > 1. 



Finally, observe that is a polynomial of degree 2 in 0, with non-integer zeros. Indeed, when n — > oo 
their zeros tend to l/\/2 and — 1/V2, respectively. Thus, Af n for e N \ {1}, and n > 1, which 
completes the proof. □ 



Theorem 4.2. The sequences (pit ] , (in'^ J 

\ / n>l \ In 

recurrence relation 



and 



,(1,2) 



n>l 



verify the following second order 



where 



CtnUn+2 + PnVn+1 + IriVn = 0, 71=1,2,..., l;eN\{l}, 

a n = (n + 2) 3 (240 2 ri 3 + 3O0 2 n 2 + 160 2 n + 30 2 + 90n 2 + 50n + 
-12n 3 - 21n 2 - lln-2), 

/3 n = -2(4O80 2 n 6 + 23460 2 n 5 + 53360 2 n 4 + 613O0 2 n 3 + 381O0 2 n 2 
+12680 2 n + 1720 2 + 1530n 5 + 7690n 4 + 14170n 3 + 11430n 2 + 3820n 
+520 - 204n 6 - 1275n 5 - 3181n 4 - 401bi 3 - 2667ti 2 - 886n - 120), 

7„ = n 3 (240 2 ?i 3 + lO20 2 n 2 + 1480 2 n + 730 2 + 90?i 2 + 230n + 150 
-12n 3 -57n 2 -89n-46). 



(4.4) 



(4.5) 
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Proof. From previous Lemma |4. II we write 



(1,2) 

(1,2) (1,2) _ (1,2) (1,2) _ w (1,2) _ Qn+2 (1,2) W n+1 

ln+l'n+2 ~ y?i+2 'n+1 vv n+1 ^ ' n+ 2 — ( 1-2 ) 'n+1 (1,2)' 

9n+l Sn+l 

,(1,2)^(1,2) _ „(1>2)^(1,2) _ M/ ^ g"' 2 (1,8) _ ,.(1,2) _ Wn 



r n+l — Qn+1 r n VVn ^ 



(1,2) "+1 « (1,2)' 



where 



W n = - T 

n 3 (n + 1)' 



Qn+1 9n+l 



Thus, multiplying the first equation by W n , the second one by —W n +i, and adding both equations one 

gets 

W n r£§ - ( W n $Mr + W n+1 q ^l) r£$ + W n+1 r^ = 0, n> 1. 

V Qn+1 Q n +1 / 

Then, multiplying this equation by n 3 (n + l) 3 (n + 2) 3 , one has 

onrg - + 7»rl 1|2) =0, n = 1, 2, . . . , 

where a n and 7„ are given in (I4.5j) . and 

-(1.2) J1.2) 

5 yn+2 , In /, c \ 

Pn = a n -^ +7«^y- (4.6) 

°ra+l 

This implies the verification of the second order recurrence relation 

anVn+2 ~ PnVn+l + InVn = 0, 71=1,2,..., (4.7) 
( X 21 ( X 2^) f X 21 /^^~^^t* 

by the sequences (q n ' ) n >i, (Pn ' )n>i and (r„ ' ) n >i- Furthermore, from equation (|4.7j) one can write 

„(1' 2 ) „(1.2) ,.(1,2) (1,2) (1,2) (1,2) 

a _ Pn+2 , Pn _ 1 n+2 . ' n _ <in+2 , Qn 

Pn - a n (1)2) + 7„ - a n (lj2) + 7„ - a„ (1)2) + 7„ (1 2) . 

Pn+l Pn+1 r n+l r n+l Qn+1 Qn+1 

Notice that from (|4. 6|) the sequence /3„/n 6 converges when n — > oo (see [2 Theorem 3.3, p. 11]). Thus, 
by setting n = l,2,...,7in relation (|4.6p one gets a linear system of equations for determining explicitly 
the coefficients of j3 n = an 6 + bn 5 + crfi + e?n 3 + en 2 + fn + g. The solution of the resulting system gives 
us the coefficient /3 n given in (|4.5p . where fi n = —f3 n . The theorem is completely proved. □ 

Remark 4.3. The characteristic equation for the recurrence relation (j4.4[) is t 2 — 34£ + 1, which coincides 
with the one derived from the Apery's recurrence relation (jl.ll) . Accordingly, our Diophantine approx- 
imations do not improve the irrationality measure /i obtained in [TJ [4J |8] , i.e /i = 1 + (log(v2 + l) 4 + 
3)/(log(V2 + l) 4 -3). 

An important consequence of the above theorem is the continued fraction representation of the number 
C(3). Below we present one of various possible continued fraction representations that can be deduced 
from our approach (see the rational functions (|2.1[) as well as the simultaneous rational approximation 
problem (|53|l - (pn>|) ). 

Recall that two irregular continued fractions 

,h\ b 2 \ b 3 \ b n | , &i | b' 2 1 y 3 1 yj 

«o + l + 1 + 1 + •••+, , a + — + — + — + ••• + — , 

11 I «2 I «3 | On I «1 I a 2 I a 3 I a n 

are said to be equivalent if there exists a non-zero sequence (c n ) n>0 , with cq = 1, such that (see p. 
20]) 

c n Q n , 72 — 0, 1, 2, ... , 6 n — c n c n —\h ni ft 1,2,... 
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Furthermore, if (p n ) n> _ 1 and {q n ) n >-i are two sequences such that q_i = 0, p_x = go = 1 an d PnQn-i ~ 
Pn-iln 7^ for n = 0, 1, 2, . . ., then there exists a unique irregular continued fraction 

a + M + ^i + ^i + - + M (4.8) 
I a x | a 2 \a 3 \a n 

whose n-th numerator is p n and n-th denominator is q n , for each n > 0. More precisely (see p. 31]) 

ao=Po, ai = q%, b 1 =p 1 -p q 1 , 

Pnqn-2 - Pn-2q n , Pn-iq n ~ P n q n -1 no 

o„ = , 71 = 2,3,... 



Pra-l5n-2 - Pn-2q n -l Pn-lQn-2 - Pn-29n-l 

Corollary 4.4. There holds the following continued fraction expansion 

I 8 | 359 | Q 3 | Qi | Q„ 

where 

V n = -9(n - 2) 3 (n - l) 3 (28n 3 - 213n 2 + 543n - 464) (28n 3 - 45n 2 + 27n - 6), 

and 

Q n = 6(476n 6 - 2907n 5 + 7077n 4 - 8715n 3 + 5715n 2 - 1926n + 264). 
Proof. Setting p_i = qo = 1, Po = 9-1 = 0, and i9 — 2 one gets 

ai = 8, a 2 = 359/24, 6i = 9, b 2 = -23/3. (4.10) 
Moreover, from the recurrence relation (14.41) one has 



Pn-2 ln-2 
Vn = Vn-X Vn-2- 

a n -2 a n -2 

Thus, we have constructed the elements of the irregular continued fraction (|4.8|) which satisfy (I4.10j) . i.e. 

Pn-2 , ln-2 . „ 

a n = , b n — , n>6. 

a n -2 a n -2 

With the choice Co = c\ = 1, c 2 = 24 and c„ = — a n -2, for ti > 3, we obtain the irregular continued 
fraction (Oil. □ 



5 Comparison of results 

Denote 7ri, = Pn'^ / Qn'^, where the integers i, j are such that < i < 4, < j < 3. By 7ri°' ^ we 
denote the Apery's approximants, where 

e°>=x>i"> ^ -(";*)'(;)'. 

fe=o v / V / 

n 

„(0,0) _ (n) rr(3) (n)„(2)\ (n) _ / „ O E7 I 17 uW 

fe=l 

In Figure [TJ a comparison between twelve Diophantine approximants TTn'^ corresponding to different 
choices of parameters and Apery's approximants TTn is given. We illustrate this comparison by means 
of a rectangular array of squares formed by thirteen rows and nine columns. We use a grayscale output, 
in which the color of each square is determined by the value of the function 

< i < 4, < j < 3, n = 2, ... 10, (5.1) 

ranges from 0.0144346 ... to 0.137009 .... Moreover, the values close to the minimum of (|5 . 1 1) are shown 
as white squares while its maxima are shown as black squares. Indeed, ten iterations (see columns in 
FigureO} are enough to reveal the high accuracy of our results. Clearly, in Figure[T]the darkness decreases 
as the number of iterations grows, which is in accordance with the analytical results given in Sections [2] 
and 0] See also Tables [TH3] below, in which a comparison of rates of convergence of four selected cases 
among the above twelve rational approximants, namely Tr n °'°\ iTn' 1 ^ for p = 2, TTn' 2 ^ for i? = 2, and 7ri 1,3 ' 
for u = x = -0 = lis presented. 



/(tt. 



log 



C(3) 



10 



6 Concluding remarks 



We have obtained a set of rational approximants leading to the irrationality of C(3), with nice rates of 
convergence to £(3) -as fast as Apery's approximants. The starting point in our approach is a family 
of rational functions (|2.1[) (which can be considered as modifications of the rational function introduced 
firstly by Beukers in p. 97] and later by Nesterenko in [8l [10]). We have linked this approach with a 
simultaneous rational approximation problem (I3.5|) - (|3.6|) . which allows to compute in a straightforward 
manner the coefficients of the second order recurrence relation for the sequences of numerator and de- 
nominator of Diophantine approximants to £(3) based on the Wronskian determinant for these sequences. 
However, small variations in aforementioned starting point might lead to rational approximants that does 
not prove the irrationality of C(3), as illustrate below. Let 



and 



+ \t + n + 2 



*S = 77^^ ( T~~77~7"T ) - (6-2) 



(~*)n 



where a n = 4n (2H n — iJan-i) — 1) °n = (n + l)a n — 2n. These rational functions (based on the approach 
given in Sections [2] and ffl lead in general to sequences of rationals \Pn ] and (qn) , i = 1,2, 

V / n>0 V / n>Q 

which verify a second order recurrence relation with the same characteristic polynomial given by Apery's 
equation (jl.lj) . nonetheless they do not prove the irrationality of C(3)- Although the convergence of 

(prP/Qni to the number £(3) is good enough as is depicted in Figure [2j Their rates of convergence 

V /n>0 

to C(3) are as good as Apery's approximants. 

The principle that makes the modified functions (|2.1j) . or equivalently the simultaneous rational 
approximation problems p.5p - (|3.6l) . effective for proving the irrationality of £(3) is not clear yet. Whit this 
paper we begin to understand this question. It would be interesting to obtain other rational approximants 
with different irrationality measures in the context provided here by a constructive simultaneous rational 
approximation problem. More investigations need to be done in this direction. A well understanding 
of these phenomena might help in the study of other modifications of rational functions involved in the 
arithmetic properties of the numbers ((2k + 1), k = 2, 3, . . . 

Finally, our interest for constructing infinitely many rational approximants to £(3) proving its ir- 
rationality is motivated by a more deeper question, namely the transcendence of C(3), but we are yet 
uncertain about this question. 
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Figure 1: From left to right are displayed in grayscale output the values of function (15.11) for n = 2, . . . , 10, 
and from top to bottom its arguments are: Wn'°\ Kn'^ for p = 2, 7Tn for p = 4, Kn for p = 913, 
Tri 4 ' 1 ) for p = 23, 7r£ 1,2) for = 2, tt { u' 2) for § = 784, 7r, (3 ' 2) for = 93, tt1 4,2) for = 57, n£' 3) for 
v = X = i> = 1, Tn ' 3) for v = 49, X = 891, V = 97, tt^ 3 ' 3) for v = 413, X = 732, ip = 231, tt^ 4 ' 3) for 
v = 713, x = 3427, V = 231. For n = 10 (last column) is observed a high level of coincidence between all 
Diophantine approximants. 
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Table 1: Comparison between Apery's rational approximants 7r„ ' and rational approximants 7r„ ' for 
p = 2. 



n 


(0,0) 
nn 


C(3)-7r<°' 0) 


7r (1,1) 

nn 


((3)-^ 


2 


351 
292 


2.109 x 10~ 6 


1327 
1104 


0.00006 


3 


62531 
52020 


1.968 x 10" 9 


104377 
86832 


5.776 x 10~ 8 


4 


11424695 
9504288 


1.778 x 10~ 12 


58624219 
48769920 


5.211 x 10"" 












50 




2.795 x 10" 153 




9.250 x 10~ 152 



Table 2: Comparison between Apery's rational approximants 7r„ : and rational approximants 7r„ ' for 
i? = 2. 



n 


(0,0) 
nn 


C (3) - 7ri°' 0) 


7T (1 ' 2) 
nn 




2 


351 
292 


2.109 x 10~ 6 


1077 
896 


0.00004 


3 


62531 
52020 


1.968 x 10" 9 


1987 
1653 


3.686 x 10" 8 


4 


11424695 
9504288 


1.778 x 10~ 12 


34774333 
28929024 


3.006 x 10~ n 












50 




2.795 x 10" 153 




3.505 x 10~ 152 



t 



0.12 
0.10 
0.08J 

0.06 
0.04 
0.02 
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Figure 2: Function (|5.1I) is plotted for n — 2, . . . , 10 in the following three situation: Symbol • is used 
for depicting Apery's approximants, while ■ and ♦ are used for the approximants derived from (|6.1[) and 
(|6.2p . respectively. 
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Table 3: Comparison between Apery's rational approximants 7r„ ' and rational approximants 7r„ ' for 
v = x = i> = 1- 



n 


(0,0) 
'1 n 


C(3)-^' 0) 


7T (1 ' 3) 


C (3) - TT'n 


2 


351 
292 


2.109 x 10~ 6 


2231 
1856 


9.489 x 10~ 6 


3 


62531 
52020 


1.968 x 10~ 9 


783217 
651564 


6.216 x 10~ 9 


4 


11424695 
9504288 


1.778 x 10~ 12 


118221931 
98349696 


4.550 x 10~ 12 












50 




2.795 x 10~ 153 




3.114 x 10" 153 
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